Lecture Outline

Indicator Functions and Barrier transformation

Optimality Conditions for the Barrier Transformed
Problem

Primal Interior Point Method (IPM)

A primal-dual reformulation of the optimality conditions

IPM for linear programmes;

IPM for general convex problems;



You should be able to ...

understand the origins of interior point methods (IPM);

Formulate a primal IPM and identify its limitations;

Formulate a primal-dual version of IPM;

Observe how Newton’s method is applied in IPM iterations;

Write down an IPM for a general convex problem;
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Interior-point methods

min  f(z)
st. ci(z)>0,1€T
alr—b;=0, i€

e f is convex, ¢; are concave and all are twice differentiable.
INE=0andZUE ={1,...,m}

The optimal value exists and can be attained.

The feasible set has an interior, in other words the Slaters
conditions are satisfied. = The strong duality holds.

e Other constraint qualifications are enough as well,
e.g. LICQ, ¢z being affine, etc.

Examples are LPs, QPs, QCQPs, SDPs, ...
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Indicator Functions and Barrier transformation

Reformulation via indicator functions:

min f(z) + 3 Ie(x))
i€
st. alz—b;,=0, icé&

) = {0, x>0

oo, otherwise

A smooth way of approximating indicator functions is to
use logarithmic barrier functions; replace I with
—log(ci(z))

Other barrier terms are possible. The logarithmic barrier
term is the canonical choice.

The effect is a perturbed problem where an infinite cost is
incurred as ¢;(z) — 0.

The weight on the barrier term is denoted by p and is
referred to as the barrier parameter.

The combinatorial effect vs. a perturbation of the original



Barrier Transformation

min f(z Z log(ci(x 2

i€l
s.t. aiTx—bi:O, 1€€&

e For concave ¢;(x), —log(c;(x)) is a convex function on the
convex set {z|c;(z) >0, 1 € T}

e The approximation gets better as u — 0 (t — oo, pu=1/t).



Optimality Conditions for the Barrier Transformed
Problem

e The first order necessary conditions for the transformed
problem (KKT):

Vf(l‘) — ZVCZ(I') H Zai)\i =0
€&

i€ ci(x) i

alx —b; =0, ic&

e When z is close to the minimizer z(u) and p is small the
optimal Lagrange multipliers A7, i € Z, can be estimated as

A =upfci(x), 1€T



Primal IPM
Algorithm:

Primal IPM
Choose 9 > 0, a sequence {75} with 7, — 0
while A termination condition is not satisfied do
Find an approximate minimizer z; of the barrier trans-

formed problem. > Terminate when
I

max([V(2)~ ez Vei(0) s = Dige il laT o—bil) <

Tk

[Meli < pr/ci(zr), i €
Choose k41 < pg
k+—k+1

end while

e Proposed Frisch in the 1950s and was analyzed and
popularized by Fiacco and McCormick in the late 1960s.

e Fell out of favour: z(u) becomes prohibitively difficult to
find as p | 0 because of the nonlinearity of the barrier
transformed problem. 7/26



A primal-dual reformulation of the optimality conditions

o Let \j = p/ci(x), i€ L.
o If ¢i(x) > 0 then \; — p/ci(x) = 0 iff ¢;(x) Ny — p = 0:
Vf(l’) - Z VCZ(:L')/\Z - Zai)\i =0
i€T ic€
alz —b;=0, ic&

c@)\i—p=0, iel
e The equations are called primal-dual nonlinear equations.
e A method based on approximately solving these equations

is called a primal-dual interior point method.
e Perturbed version of the KKT of the original problem:

Vi(x)— ZVci(x)/\i — Zai)‘i =0
1€ (1<)
alz —b;=0, ic&
Ai >0, c¢(x)>0, ieZ
ci(x)\i =0, 1€l



Interior Point Methods (IPM)

e The term interior point methods is used as a common name
for methods of barrier type for nonlinear optimization.

e Barrier methods in primal form are from the 60s. They
have some less desirable properties due to ill-conditioning.
The methods were revived in 1984 for linear programming.

e Primal-dual interior point methods are methods of the 90s.
They have better behavior.

e We will consider the special case of linear programming, for

simplicity.
Primal LP: Dual LP:
min ¢’ x max bTZ/
st. Ax =10 s.t. ATy +s=c

x>0 s>0



The primal-dual nonlinear equations

e Perturb the complementary condition xjs; = 0 to xjs; =
for a positive barrier parameter.

Ax =b,
ATy +s=c,
xi8;=p, j=1,...,n

e £ >0 and s > 0 are kept “implicitly”.

Theorem: The primal-dual nonlinear equations are well
defined and have a unique solution with x > 0 and s > 0
for all p > 0 if {z|Ax = byx > 0} # 0 and {(y,s) :
ATy + s = c,s > 0} # (. Denote this solution by xz(u),

y(u) and s(p).
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The primal-dual nonlinear equations

e In matrix form:

Ax = b,
ATy +s=c¢,
XS51=ul

e X = diag(z), S = diag(s), and 1 = [1,...,1]T € R"™.

Theorem: A solution z(un), y(pu) and s(u) is such that
x(p) is primal feasible and y(un) and s(u) are dual feasible
with duality gap nu.




Primal Perspective

e z(u) solves:

n

min ¢’z —p Z log x;
i=1

st. Ax=b x>0

e y(u) Lagrange multiplier for Ax = b.

e Optimality conditions:

ci—,u/xi:a?% 1=1,...,n
Axr =b
x>0
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Dual Perspective
e y(u) and s(u) solve:
min  —b'y — /,LG:log Si
i=1
st. ATy4+s=¢, s>0

e —x(u) Lagrange multiplier for ATy + s = c.

e Optimality conditions:

b= Az
ﬁ—xz, =1, ,N
Si

Aly+s=c



Primal Barrier Function for different u




Barrier Trajectory

e The barrier trajectory is
defined as the set

{[z(w), y(), s(w)]|p > 0}. .

e The primal-dual system of )
nonlinear equations is
preferred.

e Pure primal and pure dual k
point of view gives high

nonlinearity.

Theorem: If the barrier trajectory is well defined, then

lim, o x(p) = *, lim,oy(p) = y*, lim,os(p) = s,

where x* is primal optimal, and (y*,s*) are dual optimal.




Primal-Dual Interior Point Method Iterations

¢ Based on Newton-iterations on the perturbed optimality
conditions.

e For a given point (z,y,s), with z > 0 and s > 0 a suitable
value of u is chosen. The Newton-iteration then becomes

A 0 O0f [Az Az —b
0 AT I| |Ay|l=-|ATy+s—c
S 0 X| |As XS1—ul
2T's
e Common choice: p=o0—— |for some o € [0,1]
n

e Note that Az = b and ATy + s = ¢ do not need to be
satisfied initially. They will be satisfied in the next step.
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Primal-Dual Interior Point Method For LPs
Algorithm: Primal-Dual IPM for LPs

zg > 0, 80>0,y0,/€<—0

while A termination condition is not satisfied do
p <+ oxlsk/n
Compute Az, Ay, and As

A 0 0 Ax Axp — b
0 AT I Ay| = | ATy + s, —c
Sk 0 Xk As XkSk]_ - ILL]_

Qmax < max «, s.t.z +alAx >0, s+ alAs > 0.

a=min(l, (1 — 7)amax) >0 <7 < 1. This step rule is
very simplistic; no convergence guarantees.

Tpt1 < T + @Az

Ye+1 < Yk + aly;

Sk+1 < Sk + aAs;

k+—k+1
end while



Primal-Dual IPM For LPs: Choosing o

Theorem: Assume that x satisfies Ax = b, x > 0, and
assume that y and s satisfies ATy +s =c, s > 0, and let
pw=ox"s/n. Then

(4 aAz)T (s + als) = (1 — a(l — 0))zTs.

e It is desirable to have o small (accuracy) and « large
(speed). These goals are in general contradictory.
e Strategies for o:
1. Short-step method, o < 1.
2. Long-step method, o ~ 1.
3. Predictor-corrector method, o, =0, k € E (even iterations)
and o, =1, k € O (odd iterations)



Primal-Dual IPM For LPs: Short-step method

L] O'k:().l, akzl-

e The iterates remain close to the barrier trajectory.
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Primal-Dual IPM For LPs: Long-step method

e 0 = 1, oy, is selected based on the proximity to the barrier
trajectory.



Primal-Dual IPM For LPs: Predictor-corrector method

e The same as short-step for k£ € E and as long-step for
ke O.

LP IPM converges in few iterations, in the order of 20.
Typically does not grow with problem size.

The iterates become more computationally expensive as
the problem size increases.

No clear efficient warm starting. 21/



Solving the system of linear equations in LP-IPM

e Recall the system:

A 0 0] |Ax Ax —b
0 AT 1| |Ay|l=-|ATy+s—c
S 0 X| |As XS51—pul

e It is equivalent to solving:

XS AT [ Az _ c—puX 11— ATy
A 0| |-Ay|l Az —b

e In turn it is equivalent to:

AXST'ATAy = AXS He—puX1— ATy) +b— Ax

N
N
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IPM for Convex Problems
e A primal-dual IPM approximately solves:
Vf(l’) — ZVCZ(:L‘))\z — Zal)\z =0
i€ ic€
az-Tm—bZ-:O, 1 €€,
ci(x)\i —pn=0, 1€

e with implicit requirement: ¢;(z) >0 and \; > 0,1 €Z

e Newton iterations:

V2, L(z,\) AT Ver(z)T Az V.L(z,\)
A 0 0 —AXg| =— Az —b
AzVezr(x) 0 —Cz(z) | [—ANz Cr(z)A\z — pl

o A7 =diag(Az) and Cz(x) = diag(cz(z))



I[PM for Convex Problems: Solving the System of
Linear Equations

As seen before, one way of solving the problem is via
factorisation.
Let K be the coefficient:

PTKP=LBL"

where L is lower triangular and B is block diagonal, and P
is a matrix of row and column permutations.
The permutation matrix P seeks a compromise between
the goals of preserving sparsity and ensuring numerical
stability.
One can eliminate —AAz to obtain a smaller problem with
coefficient matrix

V2L(z,A\) + Ver ()T Cr(z) ' Ver(z) AT

A 0

Note that all these systems are ill-conditioned due to the
nature of the problem.



A Dual-Primal IPM for Convex Problems
Algorithm: Dual-Primal IPM

A feasible x such that cz(z¢) > 0, yo, 20 > 0, po > 0 and
c>0,k<+0 > y stands in for A¢ and z for Az
while A termination condition is not satisfied do

Compute Az, Ay, and Az

V2L(xk, g, zx) AT Ver(zp)T] [Ax —VL(zk, Yk, 2k)
—A 0 0 Ay| = Axp — b
—ZiVez(zy) 0 Cz(zk) Az Zyez(wr) — pxl

Choose «ay such that cz(x 4+ apAz) >0, zp+a,Aze >0
Tpt1 & Tp + CAT; Ypi1 < Y + @AY; ziq1 — s + alz;
if max(|Vf(z) — X ez Vei(@)Ai — e aikill, [|[Az —

bll, llei(x)A; — pl|) < € then > desired accuracy
Wht1 < Ok > o can be 0.1 or time-varying
end if
k+—k+1

end while



IPM for Convex Problems with Slack Variables

¢ Having cz(z) > 0 might be troublesome.
e An alternative is to add slack variables:

Vf(l‘) — ZVCZ(J}))\z — Zai)\i =0
€L €€
T . .
a;x—b =0, 1€€,
ci(r)—s;,=0, €T,
SiN; — uw=0, 1€
e with implicit requirement: s; >0 and A\; > 0,7 €T
e Newton iterations:

V2L(z,\) AT Ver(x)T Az VL(z, \)
A 0 0 —AXg| =— Az —b
AzVez(z) O —St —ANz Azer(z) — pl

o A7 = diag(A\z) and Sz = diag(sz)

e Ast = —s7+ CI(.T}) + ch(a:)Aac

e Ensure that sz > 0 and Az > 0 in the linesearch. We
obtain cz(x) > 0 asymptotically.



